Abstract. The axial shear problem for a hollow circular cylinder, composed of homogeneous isotropic compressible nonlinearly elastic material, is described. The inner surf ice of the tube is bonded to a rigid cylinder while the outer surface is subjected to a uniformly distributed axial shear traction and the radial traction is zero. For an arbitrary compressible material, the cylinder will undergo both a radial and axial deformation. These axisymmetric fields are governed by a coupled pair of nonlinear ordinary differential equations, one of which is second-order and the other first-order. The class of materials for which axisymmetric anti-plane shear (i.e., a deformation with zero radial displacement) is possible is described. The corresponding axial displacement and stresses are determined explicitly. Specific material models are used to illustrate the results.
1. Introduction. Finite anti-plane shear deformations of nonlinearly elastic solids have been the subject of considerable attention. In anti-plane shear of cylindrical domains of arbitrary cross section, the displacement vector is parallel to the generators of the cylinder and is independent of the coordinates parallel to the generators. Early work on such deformations (also called generalized shear and longitudinal shear) for isotropic incompressible elastic materials is that of Adkins [1] (see also Green and Adkins [2] and Green and Zerna [3] ). More recently, anti-plane shear deformations have been of interest in the context of fracture mechanics (see e.g. [4] and the references cited therein). As discussed in [4] , apart from their intrinsic interest, crack problems in anti-plane shear (mode III) provide valuable guidance for investigation of the more complicated plane problems (modes I, II). Stress concentration problems in finite anti-plane shear have also been investigated [5] [6] [7] , A precise characterization of anti-plane shear deformations within the framework of three-dimensional finite elastostatics has been given by Knowles for both incompressible [8] and compressible [9] isotropic materials. As pointed out in [8, 9] , not all nonlinearly elastic materials can sustain finite anti-plane shear deformations in a cylinder of arbitrary cross section. Necessary and sufficient conditions on the strain-energy density W for such deformations to be possible are established in [8, 9] . For incompressible materials, a single condition on W is obtained in [8] while for compressible materials two conditions are required [9] . Examples of particular strainenergy densities for which finite anti-plane shear is possible are provided in [8, 9] , These include the neo-Hookean and Mooney-Rivlin materials in the incompressible case [8] , Since the conditions on W in the compressible case are more restrictive, examples of particular admissible material models are not as readily obtained. They do include special Hadamard materials, although not the Blatz-Ko material [9] .
The purpose of the present paper is to further examine this issue for compressible materials. We restrict the domain geometry to be that of a circular cylinder and confine attention to axisymmetric finite anti-plane shear deformations. In this way we are able to describe a wide variety of compressible materials for which such a restricted class of anti-plane shear deformations are possible. It should be noted that for incompressible materials, the situation is quite different and has been completely resolved. For a circular (hollow or solid) cylinder composed of an arbitrary isotropic incompressible elastic material, an exact solution to the axial shear problem giving rise to axisymmetric anti-plane shear deformations has been obtained by Adkins [1] (see also [3, Sec. 3.8; 10, pp. 296-303; 8, footnote 2, p. 409]). Denoting the radial components of a cylindrical polar coordinate system in the undeformed and deformed configurations by R and r respectively, the solutions described in [1, 3, 10] are such that r = R.
The deformed configuration is again a circular cylinder. Such deformations have also been called telescopic shear [11, 12] , For compressible materials, deformations of the form (1.1) will not be possible for all materials. In the next section, we provide a formulation of the axial shear problem for a hollow circular cylinder, composed of an isotropic compressible elastic material, with inner surface bonded to a rigid cylinder. The outer surface is subjected to a uniformly distributed axial shear traction and the radial traction is zero. For an arbitrary compressible material, the cylinder will undergo both a radial and axial deformation. The radial deformation r(R) and the out-of-plane displacement w(R) are shown to be governed by a coupled pair of nonlinear ordinary differential equations, one of which is second-order and the other first-order (see equations (2.26), (2.24) below). In Sec. 3, we establish necessary conditions on the strain-energy density W for axisymmetric finite anti-plane shear to be possible by seeking solutions of the governing equations for which r -R so that (1.1) holds. We obtain two conditions (see (3. 3), (3.4)) on W in the form of a second-order and first-order nonlinear ordinary differential equation for w(R) whose solutions must be compatible. In Sec. 4 a subclass of materials for which these conditions are satisfied is identified.
For this subclass, the conditions reduce to algebraic restrictions on constitutive functions appearing in the representation for W . The out-of-plane displacement w(R) is found explicitly in terms of a logarithmic function. The corresponding stresses are also obtained explicitly. Similar results have been obtained in a different fashion and for other boundary conditions in [11] [12] [13] . The subclass of materials discussed in Sec. 4 contains the special Hadamard materials found in [9] for which general (not necessarily axisymmetric) anti-plane shear deformations are possible in a cylinder of arbitrary cross section. The strain-energy density W for these materials does not depend on the second invariant of the Cauchy-Green deformation tensor. Particular examples of these special Hadamard materials that have been proposed in the literature are described briefly in Sec. 4. It is also shown that materials for which W does depend on the second invariant are admissible. In Sec. 5 a wider range of materials is examined. By broadening the subclass of materials considered in Sec. 4, we find a wide variety of strain-energies (which also depend on the second invariant) for which axisymmetric finite anti-plane shear deformations of the tube are possible.
Issues similar to those addressed here have been examined recently by the present authors [14] for finite torsional deformations of compressible nonlinearly elastic solid circular cylinders subjected to end torques. Thus the class of compressible materials for which pure torsion (i.e., a deformation with zero radial displacement) is possible is identified in [14] , The results obtained in [14] and in the present paper complement one another in the sense that many of the materials described in [14] for which pure torsion is possible do not sustain axisymmetric finite anti-plane shear while, conversely, several of the admissible materials identified here do not sustain pure torsion.
2. Formulation of the axial shear problem. We are concerned with axisymmetric finite axial shear deformation of an isotropic compressible nonlinearly elastic hollow circular cylinder. Thus the deformation, which takes the point with cylindrical polar coordinates (R, 0, Z) in the undeformed region to the point (r, 9, z) in the deformed region, has the form r -r(R), 6 = e, z = Z + w(R) (2.1) with r = dr/dR > 0, where w is the out-of-plane displacement. Since the deformation is assumed to be axisymmetric, we have w = w(R). As regards boundary conditions, we suppose that the inner surface R = A is bonded to a rigid cylinder so that
The deformation may be achieved either by prescribing r(R) and w(R) on the outer surface R = B, or by applying a uniformly distributed axial shear traction to the outer surface of the cylinder and assuming that the radial traction is zero there (cf. [10, p. 263] ). The cylinder is assumed sufficiently long so that end effects are negligible.
For an isotropic incompressible or compressible elastic cylinder of arbitrary cross section, Knowles [8, 9] determined conditions on the strain-energy density of the material that ensure an anti-plane shear deformation, that is, a deformation with a single out-of-plane displacement that depends only on the in-plane coordinates, will be possible. The formulation in [8, 9] employs a rectangular Cartesian coordinate system. As discussed in [8, 9] , not all incompressible or compressible materials can sustain finite anti-plane shear deformations. The classes of materials that do give rise to such deformations are characterized in [8, 9] , However, for a circular cylinder composed of an arbitrary incompressible isotropic elastic material, an exact solution can be obtained describing axisymmetric anti-plane shear deformations.
(See [10, pp. 296-303; 3, Sec. 3.8] or Adkins [1] ). These deformations, also termed telescopic shear [11, 12] , are of the form (2.1) with r = R.
(2.3)
Thus the deformed configuration is again a hollow circular cylinder that undergoes no volume change. For a cylinder composed of a compressible material, there exists no global solution describing axisymmetric anti-plane shear deformations. In general, under axial shear conditions, the cylinder will undergo both an in-plane deformation r(R) and an out-of-plane deformation with displacement field w(R). These quantities are governed by two coupled nonlinear ordinary differential equations, one of which is second-order and the other first-order (see equations (2.26), (2.24) below). These equations also depend on the form of the strain-energy density function, W.
The strain-energy density per unit undeformed volume for isotropic elastic compressible materials is given by {s -0, 1,-1) are given by where the ps {s = 0, 1, -1) given by (2.7) are evaluated at the values of the invariants given by (2.12)-(2.14). Note that since r = r(R), it is convenient to consider T = T(/?) rather than the more conventional T = T(r). so that on integrating and using (2.18), (2.14), (2.7), we arrive at the first-order nonlinear ordinary differential equation .14) for the invariants, and the ordinary derivative symbol is used since r = r(R), w = w(R). Equations (2.24), (2.26) are a coupled pair of (highly) nonlinear ordinary differential equations for the unknown functions r(R) and w(R). These equations may also be obtained from an analysis presented by Ogden [10, pp. 263-264] in terms of principal stretches. The task of obtaining analytical solutions to the system (2.24), (2.26), even for simple forms of the strain-energy, is formidable. The recent paper [15] describes a numerical approach to solving an equivalent pair of equations for the case of a particular strain-energy density W .
To complete the formulation of the boundary-value problem, we assume the latter of the previously described boundary conditions at R = B . Therefore, in addition to (2.2), we also require that where T0 > 0 is a given constant. The constant K appearing in (2.24) can now be expressed in terms of T0 . Thus, on evaluating the left-hand side of (2.24) at R = B and using (2.18), (2.7), (2.27)(b) one finds that K = WpL. (2.28)
When K and TQ are related as in (2.28), the boundary condition (2.27)(b) is automatically satisfied. Thus the boundary-value problem is to solve the system (2.24), (2.26) for w(R), r(R) on A < R < B subject to the conditions (2.2), (2.27)(a).
3. Axisymmetric anti-plane shear: a necessary condition. We now proceed to determine a necessary condition on W for axisymmetric anti-plane shear to be possible. On setting r -R in (2.12)-(2.14), we find for axisymmetric anti-plane shear deformations that 1) and so the deformation is isochoric. Also, on setting r = R in (2.26) we obtain 2 7rW+2wi + wJ-~r
On employing the chain rule, and noting that w ^ 0 for a nontrivial solution, (3.2) can be written as
Furthermore, on setting r = R in (2.24) and using (2.28) with r = R, we find that wi^ + W2) = (3.4)
It will be assumed henceforth that w constant and so w ^ 0. (Clearly w = constant would not be consistent with (3.4).) In (3.3), (3.4) we have introduced the notation Wjj -d W/dfdland the superposed hat is used to indicate that the corresponding quantities are evaluated at the values (3.1) for the invariants /. (i = 1,2,3).
The conditions (3.3), (3.4) are necessary conditions on W for axisymmetric finite anti-plane shear to be possible. Condition (3.3) is a second-order nonlinear ordinary differential equation for w(R) on A < R < B, and its solution must be compatible with that of the first-order nonlinear ordinary differential equation (3.4) . The implications of (3.3), (3.4) are our concern in the remainder of this paper.
When r = R, the corresponding stresses follow from (2.15)-(2.19) as Trr = lo + fit+P-^ + l), (3) (4) (5) 1ee ~ Po + P\ + ^-i' (3-6) In what follows, it will be convenient for us to consider the implications of differentiating both sides of (3.4) with respect to R . Performing this operation and using the chain rule, we obtain Since W is assumed sufficiently smooth, it follows from (3.14) that + W2 does not change sign on A < R < B and so, without loss of generality, we take Wl + W2> 0 on A<R<B.
(3.15)
Note that (3.15) would also follow as a consequence of the Baker-Ericksen inequality.
To conclude this section, we write the stresses (3.5)-(3.9) in a simplified form. On substitution from (2.7) into (3.5)-(3.8), and then using (3.13) Equation (4.3) is a nonlinear ordinary differential equation for w{R) on A < R < B , and its solution must be compatible with that of (3.13) subject to (3.15).
Since W is linear in /, and /2 , we may write W as §' where ii> 0 is constant. Thus Thus (4.7), (4.8) are necessary conditions on Ha(I3) (a = 1,2) for axisymmetric anti-plane shear to be possible for the class of materials (4.4). Observe that we now have two algebraic conditions that must be satisfied instead of the differential equations (3.3), (3.4 ). An equivalent set of conditions obtained directly from the considerations of [9] can be found in [13] . Now (3.13) and the boundary condition (3.11) determine the out-of-plane displacement w(R) for any W of the form (4.4) as w{R) = r u , u n(^ ■ (4-9)
H[HX (1) + //2(1)] \AJ
By virtue of (4.8) we observe from (4.9) that, since T0 > 0, we have w(R) > 0 on A < R < B as expected on physical grounds. Similar results have been obtained in [11, 12] for different sets of boundary conditions (see also [13] ). It remains to satisfy the boundary condition (3.10) of zero radial traction on the outer surface. On using We observe that the axial stress Tzz , depending on the prescribed shear traction T0 in a quadratic manner, represents a normal stress effect characteristic of finite elasticity theory. By virtue of (4.1 l)(b) this axial stress is tensile.
As an example, we consider the Hadamard material [17] The nonzero stresses, given by (4.14), (4.16)(a) are
Motivated by this example, we return to the material model (4.4) and observe from -2v) ) appearing in the strain-energy functions (4.24)-(4.29) are the shear modulus, Poisson's ratio, and bulk modulus for infinitesimal deformations respectively, so that ju > 0, 0 < v < 1/2, k > 0. As described in [19] , the constant m > 2/3 (m ^ 1) appearing in (4.25) is a parameter arising from molecular considerations. A similar result for (4.28), (4.29) with / = 1 was obtained previously in [11] for different boundary conditions (see also [13] ). The out-of-plane displacement for the materials described by This result was obtained in a different way in [11] (see also [13] ). The out-of-plane displacement is again given by (4.12), while the nonzero stresses are given by (4.14). In the material models described by (4.22) and (4.34), the function H2(I3) of (4.4) is taken to be zero and so W does not depend on I2. Strain-energy densities W which do depend on I2, however, are also admissible. To conclude this section, we note that the function in (4.4) does not enter into the conditions (4.10), (4.11). However, it should be observed that a W that depends on /3 only is not admissible, since (4.4) would then yield //, e0, H2 = 0, which do not satisfy (4.11).
5. A more general class of materials. The task of seeking a representation for the most general form of W for which (3.3), (3.4) are satisfied is formidable. Here we shall pursue a more modest objective, namely, that of broadening the subclass of materials discussed in Sec. 4 .
Simplification of (3.3) to the more tractable (4.3), which contains no explicit dependence on derivatives of w , relied upon deducing the result (4.2) from (3.12). The assumption (4.1) that W depended linearly on I{ and I2 made this possible. However, the result (4.2) can be obtained from (3.12) by merely requiring that Derived under the assumption that (5.1) holds, condition (5.2) is the analog of (4.3). The restriction (3.14) is still required to hold since this was used in deriving (3.13), (4.2) . As pointed out in Sec. 3, we may, without loss of generality, replace (3.14) by (3.15) . With this motivation, we thus consider the class of materials for which W can be written as On substitution from (5.3) into (3.16)-(3.19), and using (5.6), (5.9), (5.11)-(5.14)
we find that the only nonzero stresses are
We note that if P, Q, R in (5.3) are functions of /3 only, we recover (4.4). In this case, P{ -Qt = Rt =0, and all equations in this section are seen to reduce accordingly to the corresponding equations in Sec. 4. We shall not attempt to describe the most general class of functions P, Q, R for which (5.9), (5.11), (5.13), and (5.14) are satisfied but rather indicate some of the possibilities. It will be seen that a wide variety of admissible strain-energies are included in the form (5.3). Suppose, for example, that we seek P, Q in the separable form with a 7^ 0, P ^ 0, y > 0 arbitrary constants, can sustain axisymmetric finite anti-plane shear deformations. Strain-energies with exponential terms have been successfully used in biomechanical modeling (see e.g., [25, 26] and the references cited therein). The out-of-plane displacement w(R) for the material described by /u(y + S)R K We note that strain-energy density functions W with exponential terms such as (5.53), (5.54) have also been used in biomechanical modeling [27] , Thus we have seen in Sec. 5 that the form (5.3) encompasses a wide variety of strain-energy density functions W for which an axisymmetric finite anti-plane shear deformation of the tube is possible.
In conclusion, it is worthwhile observing that all the out-of-plane displacements w(R) obtained explicitly in Sees. 4, 5 are logarithmic functions of R and thus satisfy the axisymmetric form of Laplace's equation. Thus these displacements are identical to those of the corresponding linearized theory. The nonlinearity of the problem is reflected by the presence of the axial normal stress Tzz .
